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A recent study in South Africa has confirmed, for the first time, that a vaginal gel formulation of the

antiretroviral drug Tenofovir, when topically applied, significantly inhibits sexual HIV transmission to

women [Karim et al., Science 329, 1168 (2010)]. However, the gel for this drug and anti-HIV microbi-

cide gels in general have not been designed using an understanding of how gel spreading and retention

in the vagina govern successful drug delivery. Elastohydrodynamic lubrication theory can be applied to

model spreading of microbicide gels [Szeri et al., Phys. Fluids 20, 083101 (2008)]. This should incorpo-

rate the full rheological behavior of a gel, including how rheological properties change due to contact

with, and dilution by, ambient vaginal fluids. Here, we extend our initial analysis, incorporating the

effects of gel dilution due to contact with vaginal fluid produced at the gel-tissue interface. Our original

model is supplemented with a convective-diffusive transport equation to characterize water transport

into the gel and, thus, local gel dilution. The problem is solved using a multi-step scheme in a moving

domain. The association between local dilution of gel and rheological properties is obtained experimen-

tally, delineating the way constitutive parameters of a shear-thinning gel are modified by dilution.

Results show that dilution accelerates the coating flow by creating a slippery region near the vaginal

wall akin to a dilution boundary layer, especially if the boundary flux exceeds a certain value. On the

other hand, if the diffusion coefficient of boundary fluid is increased, the slippery region diminishes in

extent and the overall rate of gel spreading decreases. VC 2011 American Institute of Physics.

[doi:10.1063/1.3633337]

I. INTRODUCTION

Elastohydrodynamic flows occur in many biomedical

phenomena.1–5 A recent example involves application of a

bolus of a semi-solid microbicide vehicle to the lower female

reproductive tract, to inhibit infection by sexually transmit-

ted pathogens such as HIV.1,6–10 Very recently, a vaginal gel

has shown promising effectiveness in blocking HIV trans-

mission in women.11 Women who used a formulation of the

antiretroviral drug Tenofovir were 39% less likely overall to

contract HIV than those who used a placebo. However, the

gel in this trial was not designed using knowledge of the

mechanisms of its vaginal spreading and consequent drug

release. Moreover, there is widespread agreement that more

effective microbicide vehicles should be developed, to

improve behavioral acceptability, i.e., willingness of patients

to choose to use the product,12 as well as biological function-

ing against HIV.

There are several active factors that govern the distribu-

tion or coating process of semi-solid or fluid microbicide

vehicles.13–17 Among these are gravity, transvaginal pressure

gradients due to contractility of the supporting viscera, and

transverse squeezing forces from the distended epithelium.

Salient gel rheological properties are related to its shear thin-

ning and the possible existence of a yield stress, both of

which can be altered by dilution. There have been initial

fluid mechanical studies of intravaginal vehicle flows; these

focused on the individual effects of gravity or epithelial

squeezing.14–16 Those initial studies are instructive in devel-

oping a physical understanding of the mechanisms of intra-

vaginal vehicle deployment flows. The second generation

model developed by Szeri et al. 18 involves simultaneous

effects of a longitudinally directed force along the vaginal

canal, e.g., gravity, and transversely directed elastic epithe-

lial squeezing, in a lubrication flow analysis. Both Newto-

nian and non-Newtonian fluids (Carreau constitutive model)

were considered. A single dimensionless number, independ-

ent of viscosity, was derived to characterize the relative

influences of squeezing and gravitational acceleration on the

shape of spreading in the Newtonian case. A second scale,

involving viscosity, was used to determine the spreading

rate. In the case of a non-Newtonian shear-thinning fluid, the

Carreau number also played a role.

This second generation analysis did not, however, take

into account the dilution of gel due to contact with ambient

vaginal fluids. Such dilution begins immediately after gel

insertion, prior to the deposition of semen. It can alter gel

a)Present address: Now at LG, Korea.
b)Present address: Now a post-doctoral researcher at the University of

Washington.
c)Author to whom correspondence should be addressed. Electronic mail:

aszeri@me.berkeley.edu.

1070-6631/2011/23(9)/093101/9/$30.00 VC 2011 American Institute of Physics23, 093101-1

PHYSICS OF FLUIDS 23, 093101 (2011)

http://dx.doi.org/10.1063/1.3633337
http://dx.doi.org/10.1063/1.3633337
http://dx.doi.org/10.1063/1.3633337


rheological properties and, consequently, the flow process

itself. In general, effects of dilution on the rheology of a fluid

have been investigated in terms of molecular structure.19,20

Effects of dilution on vaginal gel rheology have specifically

been investigated.21 Initial work on how vaginal gel flows

are influenced by dilution involved comparing models out-

puts when input with rheological properties for diluted, fully

mixed gels vs. undiluted gels.17 However, gel dilution in
vivo involves contact of the bolus with fluid at the gel-tissue

interface, not homogeneous mixing. The result is a time and

space-dependent distribution of local gel dilution, as fluid

from the boundary permeates the gel and alters its local

properties. The goal of the present paper is to address this in-

homogeneous gel dilution problem, focusing upon effects of

vaginal fluid present on the surface of the epithelium.

In the method introduced here, we supplement our elas-

tohydrodynamic lubrication model18 with a convective-

diffusive transport equation to account for boundary dilution

that is inhomogeneous throughout the diluted, non-

Newtonian fluid. In this process, flow of the fluid—in our

focus, a gel—is driven by a transversal force (e.g., wall com-

pliance). This flow influences transport of the fluid from the

boundary, that is permeating the gel. Consequently, gel dilu-

tion by boundary fluid can be interpreted as a convective-

diffusive phenomenon. The present work begins by applying

our initial results to spreading of a homogenously diluted

microbicide gel, over a range of dilutions. Then, an associ-

ated convection-diffusion equation for boundary fluid dilu-

tion is formulated. This is suitable for inhomogeneous

dilution along the boundary, but we illustrate its application

by considering a fluid flux at the boundary that is constant in

time and space; values of this flux derive from data on pro-

duction of human vaginal fluid. The governing Reynolds

lubrication equation and convective-diffusive transport equa-

tion are solved simultaneously using an implicit multi-step

scheme in a moving domain.

The theory developed here improves our understanding

of the biophysics of microbicide gel flows in vivo, which can

lead to improved understanding of drug delivery by those

gels. In addition, the theory here may find application in

other elastohydrodynamic problems of interest.

II. PROBLEM FORMULATION

We first present the Reynolds lubrication equation as an

evolution equation for the shape of a bolus of non-

Newtonian fluid, and then derive a governing equation for

the distribution of vaginal fluid exuded from epithelial surfa-

ces. The equations are developed in the symmetric domain

–h(x, t) � y � h(x, t). The physical problem and computa-

tional domain are sketched in Fig. 1. The model is formu-

lated in a 2 D Cartesian domain. The simplification of two

dimensional flow is quite relevant anatomically; the cross

section of the undistended human vaginal canal is “H”

shaped, with the transverse dimension large compared to the

vertical openings on its two sides.22,32 For the constitutive

model, we take the form,

_cxy ¼ sxyFðsxyÞ; (1)

here, _cxy is the shear rate and sxy is the shear stress. One can

choose F(s)¼ 1=m0 for a Newtonian fluid or, as we do

below,

FðsÞ ¼ 1

m0

þ 1

m

jsj
m

� �ð1�nÞ=n

; (2)

for a Carreau-like fluid which exhibits shear thinning and a fi-

nite viscosity at zero-shear rate, m0. m is the viscosity of the

Carreau-like model and n is the power index. The original

Carreau model can be written as g=g0 ¼ ð1þ ðk _cÞ2Þðn�1Þ=2
.

Here, g is the viscosity of the Carreau model, g0 is the zero

shear viscosity, and k is the relaxation time of the fluid. The pa-

rameters of the Carreau model can be converted into those of

Carreau-like model asymptotically
18 in the relationship m0¼ g0

and m¼ g0=k
1–n. The two models may be matched at small and

large strain rates although they are not precisely equivalent.

Next, we present Reynolds lubrication equation into

which our constitutive model is substituted,

@h

@t
þ 1

2

@

@x
M
@h

@x
m2

� �
¼ 0; (3)

where,

m2 ¼
ðh

�h

ðy

�h

FðsxyÞydy

� �
dy: (4)

Here, we made use of the one dimensional constrained con-

tinuum model23 approximation. The idea is to relate the fluid

pressure near a compliant wall to the local deformation of

that wall. In general, for a deformation h, the fluid pressure

is given by p¼ (E=T)h : Mh. Here, E is the elastic (Young)

modulus of the compliant layer, T is its thickness, and M is

the compliance of the elastic wall.

In our problem, inhomogeneous dilution by vaginal flu-

ids being exuded from the boundaries changes the rheologi-

cal properties of the overlying microbicide gel. Therefore,

rheological parameters—zero-shear viscosity, power-law

exponent, and relaxation time scale—must be updated at

each time step and at each location in the fluid. The relation-

ship between the rheological properties and the volume frac-

tion is estimated experimentally. That is, we use data for

rheometry of gels that have been serially diluted, and

FIG. 1. (Color online) Definition sketch of the vaginal canal. The introitus

is to the right. Vaginal fluid fluxes and squeezing forces are effective for

both of the vaginal surfaces.
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thoroughly mixed with a test fluid, here, vaginal fluid stimu-

lant.24 The assumption is that local rheological properties of

a spreading, diluting gel are well approximated by those

properties of homogeneously diluted gel, in equilibrium at

each degree of dilution. Now, we introduce two-dimensional

convection-diffusion equation for coating flow of a microbi-

cide gel,

@�

@t
¼ @

@x
ı̂þ @

@y
|̂

� �
� D

@�

@x
ı̂þ @�

@y
|̂

� �� �

� u1

@�

@x
þ u2

@�

@y

� �
; (5)

here, u1 and u2 are the velocities of the gel in the x- and the

y-direction. ı̂ and |̂ are unit vectors in the x- and the y-direction.

� is the concentration of absorbed water. Generally, the diffu-

sion coefficient, D, varies with concentration.25 In this study,

we utilized a dilution dependent diffusion coefficient D, which

has the form,

D � D0expðad�Þ; (6)

here, D0 is the diffusion coefficient in the dry state, i.e., � is

equal to zero. The parameter, ad, defines the interaction of

the network with water.26

A boundary condition for the transient dilution of a

microbicide gel is given in terms of the fluid flux at the wall,

q ¼ �D
@�

@y
: (7)

Boundary flux may alter based on the time of day or the

phase of the ovulation cycle. It may be affected by osmotic

effects or by hydrodynamic pressure in the vaginal lumen.

Here, we assume that this flux is constant. Clearly, experi-

mental work is a necessary prerequisite to a more sophisti-

cated theoretical treatment. Usually, the direction of the flux

is normal to the wall. Strictly, the flux direction must be

updated for each time step because the shape of the bolus is

varying through time. Here, we assume that the flux direction

is normal to the x -axis. The assumption is reasonable when

the gradient of the height profile in the x -direction, @h=@x,

has a small value, i.e., @h=@x� 1. During spreading of a

microbicide gel, the physical domain changes shape. The

computational domain in the x-direction must be chosen to

be of sufficient length. The upper and lower limits in the

y-direction are taken as 6h(x, t). Hence, special attention

should be paid to redefining the grid points in the y-direction

at each time step. Although the grid points in the y-direction

are changing, the Reynolds lubrication equation, Eq. (3) is

solvable because only the integrated value over the grid

points in the y-direction, not the individual value, is involved

in the equation. On the other hand, in the case of the

convection-diffusion equation, Eq. (5), the grid points in the

y-direction should be fixed in order to solve the equation.

This is because the dependent variable must be found at indi-

vidual values of the grid points in the y-direction.

In order to make progress on this problem, the straight-

forward domain mapping (x, y) ! (x, f) is applied. Here,

y¼ h(x, t)f. The domain (x, f) has the shape of a rectangle

instead of the shape of the bolus and the grid points in the

f-direction are fixed for every time step. The shape of each

domain is shown in Fig. 2. With this domain mapping, Eq.

(5) takes the form

@V

@t
¼ �u1

@V

@x
� 1

h

@V

@f
u2 � f

@h

@t
þ u1

@h

@x

� �� �
þ D0expðadVÞ

h2

� �fhð1þ adVÞ @
2h

@x2

@V

@f
þ ð2ad þ a2

dVÞ @V

@f

� �2
(

þ ð1þ adVÞ @
2V

@f2
þ f

@h

@x

� �2

2ð1þ adVÞ @V

@f

�

þ ð1þ adVÞ @
2V

@f2
þ adfð2þ adVÞ @V

@f

� �2
#

� 2fh
@h

@x
adð2þ adVÞ @V

@f
@V

@x
þ 1þ adVÞ @

2V

@f@x

� �

þ h2½adð2þ adVÞ @V

@x

� �2

þ ð1þ adVÞ @
2V

@x2

�)
:

(8)

Here, h¼ h(x, t), u1¼ u1(x, y, t), u2¼ u2(x, y, t), and V¼V
(x, f, t) = � (x, y, t). The boundary condition has the form

q ¼ D0expðadVÞ 1
hðx;tÞ

@V
@f in the (x, f) domain.

The initial condition for the shape of the bolus is taken

as,

hðx; t ¼ 0Þ ¼ h1 þ bexp �ðx=aÞ2
h i

: (9)

The volume contained in such a bolus (above h1) is

Vb ¼ 2abc
ffiffiffi
p
p

, where c is the vaginal width, i.e., 2 cm. The

volume of the bolus, Vb, is 3 mL. As a scale for the height H,

we choose 0.5 cm; this scale is of the order of magnitude of

the maximum height of the bolus at time zero. Here, we

choose h1¼ 0.05 H and b¼ 0.45 H, and one obtains

a ¼ Vb=2bc
ffiffiffi
p
p

.

Basically, two governing transport equations and one

constitutive equation, which vary through time and space,

are required to define transient inhomogeneous boundary

dilution of a flowing microbicide gel. Here, elastohydrody-

namic flow is driven by initial distention of elastic surfaces

and the resultant squeezing of the fluid bolus, which is ini-

tially at rest. This distention leads to pressure gradients and

flow, eventually. For the convective-diffusive transport equa-

tion of vaginal fluid, the concentration of added vaginal

fluid is initially zero everywhere. We first integrate the

FIG. 2. Shape of domains. Left domain represents the physical domain.

Right domain represents mapped domain by y¼ h(x, t)f.
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x-momentum equation in the y-direction to obtain the shear

stresses. The x-momentum equation is the x component of

Navier-Stokes equation with the lubrication approximation

(@p=@x¼ @s=@y) with gravity neglected. Here, shear stress

can be obtained as, s¼ y@p=@x¼ yM@h=@x. Note that at

y¼ 0, s¼ 0 due to symmetry. Then, by substituting shear

stresses into Eq. (2) and integrating the x-momentum equa-

tion in the y-direction twice, u1 values are calculated. Veloc-

ities in the y-direction (u2) are easily extracted from the

incompressibility condition. Thus far, equations are solved

in (x, y) domain. We then solve the convection-diffusion

equation (8) in (x, f) domain, by substituting velocities. After

finding the local volume fraction distribution of vaginal fluid,

the constitutive equation (2), which is a function of �, is

updated at each point. Iteration now proceeds and the Reyn-

olds lubrication equation is solved with the updated parame-

ters. We have developed the governing equations accounting

for the gravitational forces. However, there is not a standard

way of placing these microbicide vehicles. Gravitational

effects can be in any direction of the spreading, as deter-

mined by the patients posture during and after insertion of

the microbicide. In the present manuscript, gravity is set to

zero for simplicity.

We solved the Reynolds lubrication equation explicitly.

On the other hand, the convection-diffusion equation for the

exuded vaginal fluid was solved implicitly. We split the

convective-diffusive transport finite difference equation into

two, one with the x-derivative taken implicitly and the next

with the y-derivative taken implicitly, following alternating

direction implicit (ADI) method. The resulting tri-diagonal mat-

rices were solved by the Thomas algorithm. Central differences

were used for the first and second order spatial derivatives.

III. RESULTS

A. Preliminary results for spread of a homogeneously
diluted microbicide gel

The volume of native vaginal fluid present in the vagina

is estimated at approximately 0.5–0.75 mL.24 The production

of fluid is measured as 1–10 cm3=day, depending on the

phase of the menstrual cycle.27 Taking the vaginal surface

area as about 100 cm2, this corresponds to a flux of q �
10–9–10–8 m=s. Hence, for a typical gel volume of 3 mL the

range of dilution by vaginal secretions is 10% to 30%.17 As a

preliminary analysis, the effect of dilution by vaginal secre-

tions on a prototype gel will be considered. This is an

aqueous gel with 3% hydroxyethylcellulose (known as Azo-

pharma Orange) that is similar to the placebo gel used in the

successful microbicide gel trial.11 As an initial approach to

effects of gel dilution on flow, we assume that the mixing ra-

tio of gel and vaginal secretions is constant and that dilution

is homogeneous during the spreading process, as in the initial

studies of dilution.17 Gel rheological properties at body tem-

perature (37 	C) were obtained for serial dilutions of the gel

with vaginal fluid stimulant,24 using a constant stress protocol

on a TA Instruments model AR 1500ex rheometer, with a 4	

cone and 20 cm plate configuration. Shear rates ranged from


10–4–42 s–1 and data were fitted to the Carreau-like model,

cf. Table I.

Results are illustrated in Fig. 3 for the profile of the

bolus at 30 min after the onset of flow. The height profiles

are shown for 0%, 10%, 20%, and 30% dilutions. Plots show

only the upper half of the bolus because flow is symmetrical

about the x-axis. The spreading length of the bolus increases

with the extent of gel dilution. This effect was also observed

in Ref. 17. Table I shows that the zero shear viscosity m0

decreases by about 80% and the shear thinning exponent n
decreases by about 25% as dilution increases to 30%. Quali-

tatively, dilution enhances the spread of the gel. In order to

quantify the effect of dilution clearly, the coated area is

shown in Fig. 4. The length of spreading of the bolus, which

is proportional to the effective surface area coated, we define

as four standard deviations of the bolus height profile. Then,

this is multiplied with the physical width of the vagina, i.e.,

2 cm. The effect is clearly significant; for example, a 30%

diluted gel coats in 2 min the same area coated in 10 min by

an undiluted gel.

In order to understand the basis for increased spreading

with dilution an effective viscosity of the gel is estimated, in

relation to the shear stress on the wall. The shear stress can

be written as

swall ¼ M
@h

@x
� qg

� �
h: (10)

We show the shear stress on the wall, or y¼ h(x, t), for each

case at 30 min in Fig. 5. Effective viscosity can be defined as

inverse of F(sxy). Fig. 6 shows the effective viscosity on the

wall at 30 min. The larger effective viscosity leads to less

TABLE I. Parameters of Carreau-like model for homogeneously diluted

AO gel by viscometric experiments.

Case Dilution n m0(Pa.s) m(Pa.sn)

1 0% 0.640693 738.965 78.5395

2 10% 0.609243 509.617 53.2084

3 20% 0.58495 229.597 27.7059

4 30% 0.474114 146.972 16.4701

FIG. 3. (Color online) Height profile of boluses of homogenously diluted

gel, at 30 min.
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coated area. Therefore, the coated area of more diluted gel is

increasing because of the smaller effective viscosity.

B. Boundary dilution of a microbicide gel by vaginal
fluid

In order to conduct analysis of the consequences of in-

homogeneous boundary dilution, the parameters of the con-

stitutive equation and the volume fraction of vaginal fluid

are linked to data from experiments, as described above.

From curve fitting of experimental data obtained for the AO

gel diluted in 5% increments from 0% to 75%, the parame-

ters of the Carreau-like constitutive model take the form,

m0 ¼ �2274:02�3 þ 4922:72�2 � 3437:98� þ 786:04;

n ¼ �0:6905�3 þ 1:9704�2 � 0:9217� þ 0:6601;

k ¼ 27936:58�3 � 18847:95�2 þ 1847:44� þ 382:10:

(11)

Here, � is the volume fraction of vaginal fluid and the param-

eter, m, can be obtained from the relationship, m¼m0k
n–1.

The volume of the bolus is 3 mL, the compliance of the wall

is 104=0.5 Pa=cm.18 The factor D0 in the diffusion coefficient

is set to either 10–6 cm2=s or 10–5 cm2=s. These values were

chosen in relation to the diffusivity of water molecules in

water (2� 10–5 cm2=s).28 Because the gel is initially quite

hydrated (>90%), we expect relatively little restriction in

diffusion of water molecules into and within it.

For simplicity, a constant flux of vaginal fluid exuded

from the walls is assumed here. Although this assumption

may not correspond exactly to in vivo conditions, the results

provide conceptual insight for the transient dilution phenom-

enon. Volume fraction at the boundary is found iteratively

because both � and time-derivative of � at the boundary are

used in the boundary condition, q ¼ D0expðadVÞ 1
hðx;tÞ

@V
@f .

Additionally, the physical properties of the vaginal fluid are

equal to those of water.
24

Coated area is plotted for different ad values in Fig. 7.

Here, q is kept constant at 1� 10–8 m=s (
8 cm3=day): if

effects of non-zero ad are not manifest at this value, then for

lower values of flux, we can simply equate ad to zero. As

seen in Fig. 7, coated area is insensitive to the value of ad.

This can be partly explained, as noted above, by the

FIG. 4. (Color online) Coated area of homogenously diluted gel vs. time.

FIG. 5. (Color online) Shear stress on the wall for homogenously diluted

gel at 30 min.

FIG. 6. (Color online) Effective viscosity of homogenously diluted gel on

the wall at 30 min.

FIG. 7. (Color online) Coating area of the gel on the surface for ad¼ 0, 1, 2,

4, and 10 (q¼ 1� 10–8 m=s and D¼ 10–6 cm2=s).
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relatively low rate of dilution and the fact that the gels, as

prepared, are generally already quite dilute. In the analyses

that follow, ad will be set equal to 0.

We now present results for different q values, cf. Table II.

The height profile of the bolus for each case is shown in Fig. 8.

In Fig. 9, the coated area is plotted. As can be seen from the fig-

ure, coated area increases as the flux of the exuded vaginal fluid

increases. In Figures 10 and 11, the diffusion coefficient is

increased from 10–6 cm2=s to 10–5 cm2=s. In Fig. 10, the height

profiles of the bolus for D0¼ 10–5 cm2=s are shown. Coated

area for each case is given in Fig. 11. Here, coated area again

increases as the flux of the exuded vaginal fluid increases.

Table II gives the mean volume fraction of the vaginal

fluid for each case. In addition, the value of the volume frac-

tion, as calculated based on the volume of a microbicide gel

and the exuded vaginal fluid, MVF2, is shown to help verify

the accuracy of the numerical analysis. This latter volume

fraction can be obtained from

MVF2¼ q�ðarea of vaginal wallÞ½ �ðtimeÞ �=½totalvolume�:
(12)

IV. DISCUSSION

Dilution of a fluid from its boundary during the course

of flow within an enclosed channel is a time and space de-

pendent process. At each instant, the spatial distribution of

local rheological properties, which depend upon the local

dilution, has a profound effect upon the velocity profile. This

effect is exacerbated for a non-Newtonian, shear thinning

gel, as was considered here. Analyses of the vaginal coating

flows of microbicide drug delivery gels, the application of

primary interest here, should, therefore, account for the

boundary dilution process. There are many factors, (e.g., the

diluent fluid flux at the boundary and the diffusion coeffi-

cient of diluent within the gel), which influence the coupled

dilution-gel flow processes—in this model and, presumably,

in vivo. More accurate results can be obtained when all of

these factors are considered, as discussed in the following

paragraphs.

A. Distribution of volume fraction and the diffusion
coefficient

The coating area of the gel increases due to dilution by

fluid from the boundary. In this model and presumably for

microbicide gel flow in vivo, the local distribution of gel

dilution (expressible as the volume fraction of fluid penetrant

added to the gel) is not uniform. In Figs. 12 and 13, we show

the volume fraction of diluent fluid for D¼ 10–6 cm2=s and

D¼ 10–5 cm2=s, respectively. Results are plotted for case 7

TABLE II. (D0¼ 10–6 cm2=s) The constant wall flux of vaginal fluid. Mean

volume fractions are obtained at 1 min. MVF1 is obtained from numerical

solution of Eq. (8). MVF2 is calculated by Eq. (12).

Case q(m=s) MVF1 MVF2

1 0 0 0

5 1� 10–9 0.000140 0.000137

6 5� 10–9 0.000698 0.000686

7 1� 10–8 0.001424 0.001371

FIG. 8. (Color online) Height profile of bolus at 2 h for q¼ 0 m=s, 1� 10–9

m=s, 5� 10–9 m=s, and 1� 10–8 m=s (D¼ 10–6 cm2=s).

FIG. 9. (Color online) Coating area of the gel on the surface for q¼ 0 m=s,

1� 10–9 m=s, 5� 10–9 m=s, and 1� 10–8 m=s (D¼ 10–6 cm2=s).

FIG. 10. (Color online) Height profile of bolus at 2 h for q¼ 0 m=s,

1� 10–9 m=s, 5� 10–9 m=s, and 1� 10–8 m=s (D¼ 10–5 cm2=s).
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in Table II at 1 min, 5 min, 30 min, and 2 h. Here, we note

the high volume fraction in the vicinity of the wall, giving

rise to what we term a slippery region. In addition, at the

leading edge, the volume fraction of diluent fluid is also

increased. This can be interpreted as due to the gel flow from

the center to the leading edge. The presence of such a slip-

pery region near the vaginal wall increases the flow rate and

coating area even though the size of the slippery region is

relatively small, appearing as a dilution boundary layer. For

the case of the higher diffusion coefficient, the contours of

increased dilution near the boundaries extend further into the

gel, cf. Fig. 13. That is, the diluent fluid is diffusing more

easily from the slippery regions to inner regions of the gel

bolus, thereby decreasing the spreading rate. This is illus-

trated in Figure 14.

In the context of intravaginal flow of a microbicide gel,

we have very little information about variability, spatial, and

temporal, of vaginal fluid flux at the wall. This flux is due to

a transudation process rather than active secretion.24 Such

transudation is influenced by vaginal wall fluid permeability

which has been shown to vary.29,30 The current model, by

assuming a temporally and spatially constant wall flux, is an

approximation, strictly speaking. Still, results in this study

provide insight about the importance of transient dilution for

the coating flow of the gel.

B. Coating area and velocity profile

Obviously, the coating area increases when the magni-

tudes across the velocity profile increase. The mean values

of the magnitude of the velocity are shown in Tables III and

IV. As expected, for larger coating areas (e.g., case 7 in Fig.

9), the velocity reaches higher values.

C. Velocity profile and effective viscosity

From Reynolds lubrication equation, the velocity profile

has the form,

u1 ¼ M

ðy

�h

FðsxyÞ
@h

@x
ydy: (13)

The magnitude of the velocity is proportional to the function

F(sxy), which is the inverse of the effective viscosity and the

gradient of the height profile in the x-direction. Clearly, the

gradient of the height profile in the x-direction has similar

values for all cases in Table II (see Figs. 8 and 10). The

mean values of the effective viscosity, or the inverse of the

function F(sxy), are shown in Tables III and IV. The

FIG. 11. (Color online) Coating area of the gel on the surface for q¼ 0 m=s,

1� 10–9 m=s, 5� 10–9 m=s, and 1� 10–8 m=s (D¼ 10–5 cm2=s).

FIG. 12. (D¼ 10–6 cm2=s). Contour

plot for volume fraction of vaginal fluid

at 1 min, 5 min, 30 min, and 2 h (top to

bottom). Note different contour levels in

different panels.
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magnitude of the velocity increases when the effective vis-

cosity decreases. Note that the increase in velocity is higher

for the lower D0¼ 10–6 cm2=s due to larger decrease in

effective viscosity near the wall.

D. Effective viscosity and volume fraction of vaginal
fluid

The parameters of the function F(sxy) are determined by

the volume fraction of vaginal fluid (see Eq. (11)). As noted

above, in the more diluted gel, in which the volume fraction

of diluent is higher, the effective viscosity is relatively small.

From Table II, we see that the mean volume fraction is

higher in the case of the larger wall flux. Hence, the larger

wall flux corresponds to the smaller effective viscosity in

Tables III and IV.

In conclusion, we have presented a new model of an in-

ternal elastohydrodynamic flow of a non-Newtonian fluid

that is being continuously diluted due to flux of another fluid

at its boundary. Inhomogeneous boundary dilution clearly

provides the potential for significant acceleration of the coat-

ing flow; for example, from Fig. 9, one can observe a

decrease by nearly 50% in the time required to coat an area

of 100 cm2 at the highest boundary flux rates. Thus, under-

standing boundary dilution is critical to understanding the

physical processes underlying the pharmacokinetics. This

may have applications in a number of biomedical flow prob-

lems of interest, e.g., in the respiratory and musculo-skeletal

systems. Our primary focus is upon vaginal coating flows of

anti-HIV microbicide gels. Results here improve the accu-

racy with which those flows can be modeled. Vaginal fluid

production can vary due to a number of factors, including

progression of the menstrual cycle and age. This new model

incorporates such fluid production and is amenable to input

of spatial (along the vaginal canal) and temporal variations

in that production. It can be used in methodology that pro-

vides objective evaluations of microbicide gel performance

and in the design of new, improved gels (e.g., Ref. 31).

FIG. 13. (D¼ 10–5 cm2=s). Contour

plot for volume fraction of vaginal fluid

at 1 min, 5 min, 30 min, and 2 h (top to

bottom). Note different contour levels in

different panels.

FIG. 14. (Color online) Coating area of the gel on the surface for q¼ 0 m=s

(dashed-dot), 1� 10–9 m=s, 5� 10–9 m=s, 1� 10–8 m=s (D¼ 10–5 cm2=s

(dashed), and 10–6 cm2=s (solid)).

TABLE III. (D0¼ 10–6 cm2=s) Averages of velocity profiles at x¼ 5 cm

and averages of effective viscosities at 1 min and final coating areas.

Case mean of |u|(mm=s) mean of 1=F(sxy)(Pa.s) Coating area (cm2)

1 0.0145 622.58 102.48

5 0.0262 618.04 104.57

6 0.0761 601.57 113.48

7 0.0827 583.74 124.86
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